Abstract-Elastic thickness (T e ) is a parameter representing the lithospheric strength with respect to the loading. Those places, having large values of elastic thickness, flexes less. In this paper, the on-orbit measured gravitational gradients of the Gravity field and steady-state Ocean Circulation Explorer (GOCE) mission are used for determining the elastic thickness over Africa. A forward computational method is developed based on the Vening MeineszMoritz (VMM) and flexural theories of isostasy to find a mathematical relation between the second-order derivative of the Earth's gravity field measured by the GOCE satellite and mechanical properties of the lithosphere. The loading of topography and bathymetry, sediments and crystalline masses are computed from CRUST1.0, in addition to estimates of laterally-variable density of the upper mantle, Young's modulus and Poisson's ratio. The second-order radial derivatives of the gravitational potential are synthesised from the crustal model and different a priori values of elastic thickness to find which one matches the GOCE on-orbit gradient. This method is developed in terms of spherical harmonics and performed at any point along the GOCE orbit without using any planar approximation. Our map of T e over Africa shows that the intra-continental hotspots and volcanoes, such as Ahaggar, Tibesti, Darfur, Cameroon volcanic line and Libya are connected by corridors of low T e . The high values of T e are mainly associated with the cratonic areas of Congo, Chad and the Western African basin.
Introduction
The Gravity field and steady-state Ocean Circulation Explorer (GOCE, Drinkwater et al. 2003) was the first satellite mission, which measured the secondorder directional derivatives of the gravitational potential or gravitational gradients, with a uniform quality and a near-global coverage. The primary goal of this mission was to model the Earth's static gravitational field and map the ocean circulation. Now, we use the GOCE on-orbit data, namely EGG_TRF_2 product (Gruber et al. 2010) , and not global gravitational models (GGMs), to determine the elastic thickness (T e ) of the Earth's lithosphere, which is a novel application. T e is one of the mechanical properties of the lithosphere showing the lithospheric strength with respect to the loads. Lithosphere with a large T e resists more against the loads and flexes less. Our approach can be developed simply for any other type of gravitational potential field gradient.
According to Airy's (1855) theory of isostasy, the mountains have roots beneath. It is assumed that the Earth's crust is constructed by vertical columns with the same density and lateral thickness, the taller columns thrust more into the upper mantle than the shorter ones. In other words, the mountains have roots beneath and the geometry of their roots changes so as do topographic heights, but in the opposite direction. Heiskanen (1938) has modelled this principle mathematically, and since then this principle is known as the Airy-Heiskanen (AH) principle. The drawback of this theory was that the crust cannot be considered to be formed from separate discrete columns, and consequently the compensation of the mountainous masses will be strictly local. Therefore, the shear stress amongst the columns should be considered to have a regional compensation support. Vening Meinesz (1931) considered this problem from a different prospective and considered the lithosphere as a solid continuum medium, on which the topographic masses act as the loads flexing it downwards. This leads to what Vening Meinesz meant for regional compensation. In other words, the shear stresses amongst the columns are considered to make the compensation of the masses regional. According to this theory, the Moho discontinuity, the boundary between the crust and upper mantle, will not be as deep as the one derived from the AH principle. An extensive review on lithospheric flexure is found in Watts (2001) .
Isostasy can also be studied using gravity data. The isostatic gravity anomaly is defined as the difference between the gravity anomaly and the interaction of the attractions of the topographic and compensating masses at the geoid (Heiskanen and Moritz 1967, p.138) . This principle can be used for determining the Moho interface or density contrast between the crust and upper mantle. Moritz (1990) mathematically modelled this idea in the spherical domain based on the assumption that the isostatic gravity anomaly should be zero, and he called it the Vening Meinesz method; see also Sjöberg (2009) .
However, the original idea of Vening Meinesz (1931) was based on loading theory. In this way, the mechanical properties of the lithosphere, like rigidity, elastic thickness (T e ), Young's modulus and Poisson's ratio are considered instead of gravity data. Eshagh (2016a, b) compared the Vening MeineszMoritz (VMM) and the flexural models of isostasy (Vening Meinesz 1931; Watts 2001, p. 186) theoretically and showed that both deliver similar models of Moho.
Vening Meinesz (1931) assumed that the lithosphere is an elastic shell with the thickness T e , which can be determined according to the coherence methods (Forsyth 1985) comparing gravity data to topographic heights. The most common method for computing elastic thickness is done in the Fourier transform (e.g., Watts 2001, p. 195) . So far, many efforts have been made for determining T e, and here we mention some of them. Calmant et al. (1990) investigated T e and its relation with the age of the oceanic lithosphere. T e in the Marquesas and Society Islands was determined by Filmer et al. (1993) . Audet and Mareschal (2004) estimated T e over Canada, Gómez-Ortiz et al. (2005) in the Iberian Peninsula, Burov and Diament (1995) studied the meaning of the effective T e of the continental lithosphere. Spatial variations of the flexural rigidity over South America and the Alpine-Carpathian arc and its relation to gravity anomalies by forward modelling approach were investigated by Stewart and Watts (1997) . The usefulness of free-air and Bouguer gravity anomalies for the T e determination over continents was presented by McKenzie and Fairhead (1997) . Johnsson et al. (2000) studied the Martian lithospheric loading. They used the method presented by Turcotte et al. (1981) , which combines Jeffrey's (1976) method for Moho determination and flexural theory. A method based on inverse modelling was presented and applied by Braitenberg et al. (2002) over the eastern Alps. A review of the inverse spectral methods for determination of T e was published by Kirby (2014) . A similar study over the Arabian plate has been performed by Chen et al. (2015) . Tesauro et al. (2017) continued the study further by considering temperature, composition and strain rates of the lithosphere. The admittance method was applied by McGovern et al. (2002) for Martian elastic thickness determination. Ojeda and Whitman (2002) used the coherence approach to the T e determination in the northern South America and Swain and Kirby (2003a) applied the same method in Australia. McKenzie (2010) compared the coherence and admittance methods. McKenzie (2003) modelled T e considering the effects of the internal loads. Swain and Kirby (2003b) used the Forsyth (1985) method for estimating T e in Australia. Tassara (2005) reviewed the flexural analysis along the Andean margin. Jordan and Watts (2005) used both forward and non-spectral inverse gravity modelling techniques to determine the T e structure of the IndiaEurasia collisional system. Tassara et al. (2007) used a wavelet formulation of the classical spectral isostatic analysis for the same purpose over South America and its surrounding plates. Similar studies over Fennoscandia, South America and Africa were performed by Pérez-Gussinyé et al. (2004 , 2009 ). Kalnins and Watts (2009) studied the spatial variation of T e in the western Pacific Ocean. Galán and Casallas (2010) used satellitederived gravity data to determine T e over the Colombian Andes based on the admittance method. Tesauro et al. (2013) presented a global model for T e considering the variations of the Young modulus within the lithosphere. Abbaszadeh et al. (2013) and Zamani et al. (2014) determined an elastic thickness for Iran. Eshagh (2018) has presented a method for elastic thickness determination in a spherical harmonic domain and applied it over South America and Eshagh et al. (2018) over Asia.
There are some studies claiming the use of satellite data for determination of T e , but in reality a GGM, derived from a satellite mission, was used for this purpose. In fact, this GGM is used for generating gravity anomalies and later on the admittance or coherence approach is implied for estimating T e . Therefore, any GGM can be used for such purpose, and it is not very much related to the satellite data. Here, we develop a novel method, which employs the on-orbit satellite gradiometric data of GOCE directly and not a GGM. We will use the CRUST1.0 model (Laske et al. 2013) for incorporating the contributions of topographic and bathymetric, sediments, crustal crystalline masses, lateral variations of upper mantle density, Young's modulus and Poisson's ratio. The effect of the long wavelength portion of the gradiometric data, which comes mainly from the deep mantle is reduced from the GOCE data and finally T e will be estimated based on our forward computational method over Africa. We chose this area because only one study was dealing with T e determination over the whole African continent. This is the work of Pérez-Gussinyé et al. (2009) from coherence analysis of topography and Bouguer anomaly data. Djomani et al. (1995) studied an effective T e in west central Africa and Moctar et al. (1996) in South Africa and not over the whole continent. Our new T e map can present alternative interpretable information for geologists or geophysicists. However, the main purpose of this paper is to present a method for T e modelling from the GOCE on-orbit data rather than a geophysical interpretation.
The VMM and Flexural Theories of Isostasy
The Moho flexure can be computed by two different approaches: the VMM method, which is in fact a gravimetric approach, and the flexural method, which uses T e of the lithosphere. Eshagh (2017) presented the following formula for determining the Moho flexure model based on the VMM theory:
where G is the Newtonian gravitational constant, Dq is the density contrast between the crust and upper mantle. Symbols dg n , dg TB n , dg
Sed n and dg
Cry n are, respectively, the Laplace coefficients of the gravity disturbance (dg), and effects of topographic/bathymetric, sediment and crustal crystalline effects on dg, Y nm ðh; kÞ represents the fully-normalised spherical harmonic coefficients of degree n and order m with arguments of spherical co-latitude h and longitude k. The parameter b n is (Eshagh 2017):
R is the mean radius of the spherical Earth and T 0 the mean Moho depth, which is normally taken from seismic models.
According to Vening Meinesz (1931) topographic masses push the lithospheric shell downwards by their weights. The Moho flexure in this case can be described mathematically by (see Eshagh 2016b):
where ð KÞ n are the Laplace coefficients of
and dq sed and H sed are the density contrast from a reference value of q c = 2670 kg m -3 and thickness of the sediment layer, dq Cry and H Cry are the corresponding quantities for the crystalline crustal layer. The density distribution function q within the topography and bathymetry is defined as
and H is the topographic/bathymetric height, q c = 2670 kg m -3 is the density of the topographic Vol. 176, (2019) Elastic Thickness Determination from on-orbit GOCE Data and CRUST1.0masses, and q w = 1000 kg m -3 is the seawater density. In Eq. (3) C n is the degree dependent compensation given by (Turcotte et al. 1981; Eshagh 2016b ):
where j n = n(n?1), g is the gravity and D represents the flexural rigidity:
E is the Young modulus, v is the Poisson ratio. E, v, T e and D are mechanical parameters of the lithosphere.
Elastic Thickness According to VMM and Flexural Theories
Here, our assumption is that the Moho variation derived from the VMM and the flexural methods are equal. In this case, according to Eqs. (1) and (3), we can write DT VMM = DT Flex , or
The right hand side of Eq. (8) contains the gravity disturbances (dg) and the effects of topography/bathymetry, sediment and crustal crystalline masses on it. The densities and thicknesses of sediment and crystalline layers are given in the CRUST1.0 model. Their gravitational potentials in terms of spherical harmonics are formulated and applied for computing their effects on the gravity disturbance. On the left hand side, are the same corresponding masses and thicknesses but instead of dg the mechanical properties as well as T e of the lithosphere are involved via C n . Equation (8) is the core mathematical model for determination of T e . Now, we develop this model further by separating the term containing dg nm and rearranging the formula:
The goal for presenting Eq. (9) is that the Moho flexure based on the flexural and VMM isostatic methods can be used for estimating dg nm , which is in fact a gravimetric quantity. However, it is well known that (Heiskanen and Moritz 1967, p. 88) :
where V nm stands for the spherical harmonic coefficients of the disturbing gravitational potential. According to Eq. (10), Eq. (9) can be rewritten:
Sed nm and V Cry nm are, respectively, the spherical harmonics of the potential of the topographic/bathymetric masses, and those of sediments and crystalline corrections to them. Now, Eq. (11) is solved for V nm :
Equation (12) is a mathematical model connecting the lithospheric mechanical properties to the disturbing gravitational potential. However, the GOCE data are the second-order radial derivatives of the Earth's gravitational potential. After subtracting the gravitational gradients generated by normal gravitational potential from the real ones, the secondorder derivative of the disturbing gravitational potential are obtained. The spherical harmonic expansion of this gradient is:
In Eq. (13) r is the geocentric radius of the satellite. By inserting V nm computed from Eq. (12), containing the mechanical properties of lithosphere, the 688 M. Eshagh, M. Pitoňák Pure Appl. Geophys.
gravitational gradients can be synthesised on the GOCE orbit. By comparing the synthesised and real data of GOCE, we can find which T e value should be used in Eq. (12) to achieve the closest synthesised gradient to that of the real GOCE data. This is the main principle of our method, which is a forward computational process. It should be emphasised that the synthesised GOCE data solely come from the lithosphere and the contributions from sub-lithospheric signals are absent there. This issue will be discussed later.
Numerical Experiments
Theoretical models derived in Sect. 3 are applied here to determine T e of the lithosphere from the GOCE on-orbit vertical gravitational gradients. First, we introduce the area of interest, data acquisition is described afterwards and the results at the end.
Study Area
Our area of interest is Africa, bounded by the parallels u 2 À36
; 40 ½ and the meridians k 2 À20
; 55 ½ . The topographic heights and bathymetric depths of the area, derived from DTM2006 (Pavlis et al. 2007) up to the maximum degree 2160, are plotted in Fig. 1 . This map shows that the higher lands lie to the eastern and southern parts of Africa.
Data Acquisition
The GOCE data and the seismic CRUST1.0 model (Laske et al. 2013) , from which the density, Young's modulus, Poisson ratios of the upper mantle, and the information about sediments and crustal crystalline masses are taken, are two main sources of information in this study. In the following, the GOCE data and some necessary preparation processes on them are presented.
GOCE Data
In our numerical experiments, we used the GOCE Level 2 EGG_TRF_2 data product (Gruber et al. 2010 ) from 4 August 2013 to 30 September 2013, i.e., approximately 2 months. This data product contains satellite gravitational gradients in the Local NorthOriented Frame (LNOF, Gruber et al. 2010) . The EGG_TRF_2 data with flags higher than 2 were removed from our processing. The 403,301 data are measured during these two months over the study area for each elements of gravitational tensor. Here, we decided to apply a 10 s data-sampling interval and use only the vertical gravitational gradient of geopotential V zz out of all elements of this tensor. This corresponds to 38,959 measurements of each component of the gravitational tensor. The long wavelength portion, from degree 0 to 16 (see Stewart and Watts 1997) , of the gradiometric data, which comes mainly from the deep mantle is estimated from TIM-r5 (Brockmann et al. 2014) and subtracted from the GOCE data. The maps of such on-orbit GOCE vertical gravitational gradients V zz are presented in Fig. 2. 
CRUST1.0
In order to use the flexural isostasy, the Poisson ratio and the Young modulus are required. These parameters can be computed from the P and S wave models presented in CRUST1.0. A MATLAB code has been provided by Mikael Bevis at the homepage of this model for computing these parameters. The variable Figure 3a is the map of seismic Moho depth of CRUST1.0. If we accept that the continent is in isostatic equilibrium, we should observe high values under the Ahaggar Mountains and the mountainous areas in the southern part of the continent. The map shows a deep Moho over Ethiopian high lands, whilst we already know the Moho surface cannot be that deep beneath the Afar hotspot. This is seen in Fig. 3b showing the map of the upper mantle density. As expected, less dense materials are located along the tectonic boundaries and Gulf of Aden. The density is higher around the Congo Basin and extends southwards along the continents. It is about 3200 kg m -3 over the Afar hotspot and less than the density of surrounding areas. Figure 3c , d are the maps of Poisson's ratio and Young's modulus, respectively, computed from the seismic waves and the upper mantle density. They have very similar patterns and the former ranges from 120 GPa to 185 GPa, but the latter from 0.273 to 0.279.
Here, the effects of topographic/bathymetric, density variations of sediment and crustal crystalline masses on the on-orbit V zz are presented in Fig. 4 . Topographic/bathymetric effects ranges from -4 E to 4 E with positive values over the mountainous regions. The negative values are located mainly over oceans and seas. Figure 4b is the effect of density variation of the sediment masses from a reference value of 2670 kg m -3 , which ranges from -2 E to 1 E. The negative values are seen along the coastal lines and the passive continental margins. In addition, some effects are seen over the continental part over Congo, Djouf and Kalahari basins. Figure 4c shows the map of the density variation of crustal crystalline masses from the reference value, as we observe they ranges from -1.5 E to about 3 E.
The Effective Elastic Thickness from GOCE Data
The methodology of estimating the effective T e from the GOCE satellite measurements is rather simple. At the first step, we prepared the GOCE gravitational gradients as described in Sect. 4.2.1. In the second step, different values of T e , ranging from 0 to 110 km with the step 1 km, are inserted into the VMM and flexural theories Eqs. (8-13) with variable mechanical parameters of the upper mantle at each measurement point to regenerate the 38,959 GOCE data. The third step is based on finding the local minima of the absolute values of differences between the gradients generated according to the VMM and flexural theories for the each value of T e and the GOCE data reduced for the long-wavelength. An ideal case of finding the local minima of such function for V zz is plotted in Fig. 5a . The problem is that the local minima may not exist; see Fig. 5b , and it is not clear whether the real value of T e at this point is zero. In some cases, this absolute difference decays monotonically, meaning that by increasing the value of T e the difference becomes smaller. Therefore, some a priori information about the range of T e is required to limit the maximum value of T e in our search technique.
After estimation of T e for each point along the satellite ground track, a moving average filer was applied to smooth the T e model and reduce noise. Here, we used a window of 5°9 5°and took the average over this window. Figure 6 is the map of the smoothed T e model. Our T e map is rather smooth because of using satellite data. From the positive side, such data has uniform coverage and quality over the study area compared to spatially-limited terrestrial gravimetric data. From the isostatic prospective and flexure theory, if the lithospheric shell is thinner, it flexes more and vice versa. According to the Vening Meinesz principle, the compensation is regional, and this means that the lithospheric thickness will act as a filter to remove high frequencies of loads and give a smooth solution for the Moho interface. Therefore, it might be problematic to consider terrestrial data and topographic heights with high spatial resolutions solely. This may cause the uncertainties in the data to lead to unrealistic values for the estimated T e . Turcotte and Schubert (2014, p. 252) mentioned that the loads with shorter wavelength than 100 km are not compensated. This is equivalent to the spherical harmonic series limited to degree and order 180. Therefore, the idea of considering only shorter wavelengths may not result in a realistic solution for T e . Figure 6 shows the map of T e estimated by the proposed method over Africa. Generally, we estimated large values of T e over Congo, Chad and Djouf cratonic basins and low values over the mountainous areas of Ahaggar, Tibesti Ethiopian high lands, volcanic areas as well as the Afar hotspot and the east African rift system. The cratonic areas are associated with high T e (Ebinger and Sleep 1998; Pérez-Gussinyé and Watts 2005) , which is consistent with the low heat flow and fast seismic velocities measured at great depths over these areas (Pérez-Gussinyé et al. 2009 ). As in Fig. 4a , the map of topographic effect on the gradients, shows this effect is rather small over these areas. In addition, it is large over mountains, leading to smaller values of T e . Pérez-Gussinyé et al. (2009) also mentioned the large values over cratonic areas are consistent with the expectation for a modern rather than fossil thermal land compositional state, and this is the reason for similarity of T e maps over continents to shear wave velocity maps reflecting a modern-day lithospheric property. Pérez-Gussinyé et al. (2009) obtained large T e in the Canaries islands and mentioned that this reflects differences between the CRUST2.0 model density structure and actual ones. However, in our map, T e is not that large there as we used CRUST1.0, which is an updated version of CRUST2.0. However, this area is volcanic and contains a hotspot, therefore, it is expected that T e should be very small here as our model illustrates.
On the eastern part of Ethiopia, Pérez-Gussinyé et al. (2009) obtained a high value for T e , but we cannot find any reason to have that large a value. According to Fig. 4b, c , the sediments and consolidated crystalline corrections are large over that area. Therefore, it could be due to low quality of the density structure used in CRUST2.0 in their solution. Pérez-Gussinyé et al. (2009) showed that T e is indeterminately large all over western Africa, but our map shows small values over the Djouf cratonic basin as continuation of the Ahaggar Mountains, which is not seen in their map. The map of consolidated crystalline corrections, Fig. 4c , shows large values in this area, which causes T e to become smaller. In addition, there are volcanoes over this area.
Over the oceans, we observe large values of T e along the tectonic boundary between African and Nazca plates, which cannot be true and this could be due to the lack information along this boundary in the CRUST1.0 model. The St. Helena hotspot and Tristan hotspots are clear with small values of T e . Along the coastal lines, we observe oceanic basins, which are associated by larger values of T e . In the eastern oceanic part, the Comores hotspot is clearly visible by low T e ; in the northern part of this area, we confirm the large values of T e found by Peréz-Gussinye et al. (2009) , although with smaller values.
According to Ebinger and Sleep (1998) the intra-continental hotspots such as Hoggar, Tibesti, Darfur and Cameron line, represent small-scale convective instabilities arising at the shaper transitions between the very thick craton lithosphere in the Congo and Western African cratons. Corridors of relatively low T e connect these areas to each other and to the western Ethiopian plateau, related to weakening by heat advected by magmatism. Pérez-Gussinyé et al. (2009) suggest that beneath these corridors there are potential conduits for hot asthenosphere material to flow from the western Ethiopian plateau to the volcanic provinces in the central and west Africa. 
Conclusions
We have developed a forward computation method based on a combination of Vening MeineszMoritz and flexural theories of isostasy for T e modelling from the on-orbit GOCE data. Our method works in the spatial domain and in a scatter points mode, without gridding or smoothing the measured on-orbit gradients and using any planar approximation. The principle is that the gravity gradients generated from the combination of these isostasy theories should be close to those measured by GOCE but reduced for the long wavelength structure of the gravity field. We have considered the absolute values of the differences between the generated and reduced gradients and determine for which T e this difference is minimum. However, the problem is that this local minimum may not exist for all points. In this case, either the elastic thickness comes out very large and close to the upper bound of the search interval or very small and close to the lower bound. The use of a moving average filter for smoothing these unwanted values is recommended. Our T e map over Africa shows large values of T e over the cratonic basins of Congo, Chad and Djouf. Distribution of the volcanoes has a good correlation with the low T e over the areas. In the western, central to south Africa these hotspots are connected by corridors of low T e values connecting to the western Ethiopian plateau, which is an active system.
